Asymmetric inequality for non-homogeneous ternary quadratic forms  by Dumir, Vishwa Chander
JOURNAL OF NUMBER THEORY 1, 326345 (1969) 
Asymmetric Inequality for Non-homogeneous 
Ternary Quadratic Forms 
VISHWA CHANDER DUMIR* 
Department of Mathematics, 
University of Illinois, Urbana, Ifiinois 618OI 
Communicated by R. P. Bambah 
Received April 5, 1968; revised October 5, 1968 
Let Q(x, y, z) be an indefinite ternary quadratic form of determinant 
D < 0. Let t 2 0 be any given real number. Then the author proves the 
existence of a function f (t) such that given any reals x,,, yo, z. we can hnd 
integers x, y, z such that -t(f(t)lDl)“” < Q(x+xo,y+y,,z+z~J 2 
(f(t)1 D1)1’3. The result is beat possible for eight values of t and in particular 
includes the previous best known results as special cases. 
1. INTRODUCTION 
Let Q(x,,. . .,x,) be an indefinite quadratic form in n-variables with 
signature (r, n--r), 0 < r < II and determinant D # 0. The symmetric 
non-homogeneous problem is to find the best possible constant C,,,-, 
such that given any real numbers cl,. . . , c,, we can find integers x1,. . .,x,, 
such that 
IQ<xl +CI> *. .,x,+c,)I 2 (cr,n-rplvn (1.1) 
The value Ci , 1 = l/4 follows from the classical result of Minkowski on 
product of the non-homogeneous linear forms. C2, i = Cl, 2 = 27/100 are 
due to H. Davenport [6j. The value C,,, = l/4 for all r is due to B. J. 
Birch [3]. The result C,, 1 = C,,, = l/3 were proved by the author [9]. 
G. L. Watson [13] proved the result for all II 2 21 and any I, 0 < r < n. 
One could ask the more general question: Is there a function f(t) for 
all t in 0 I t < cc or for some special t such that given any real numbers 
Cl,. * *, c, we can find integers x1,. . . , x, such that 
- tCf(t)lDl)“” < Q(xl + cl,. . . , x,+ en) I (f(t)lDl)“” (1.2) 
One would naturally like to find best possiblef(t). In practice even the 
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f(t) which work for all t will be best possible only for some special values 
of t. For forms of the type (1, 1) results of this type were proved by several 
authors (Davenport and Heilbronn [A, Blaney [4], Barnes and Swinnerton- 
Dyer [2]). For forms of the type (2, l), f(O), f(1) andf(co) were obtained 
by Barnes [I], Davenport [6] and the author [S] respectively. The author [9], 
[IO] has also obtainedf(0) when Q is of the type (3,l) and 2,2). 
Our object is to obtain a functionf(t) for all t in (0 I t I co) (the case 
t = co has to be viewed as a limiting case as t + co) for ternary forms of 
the type (2,l); which is best possible for eight values oft and in particular 
includes the previous known results (i.e.f(O),f(l) andf(co)). More precisely 
we prove: 
THEOREM. Let t 2 0 and Q(x, y, z) be an indefinite ternary quadratic 
form of the type (2, 1) and determinant D < 0. Then given any real numbers 
x0, yo, z. we can find (x, y, z)= (x0, y,, zo) (mod 1) such that 
- t(f(t)lol)“’ < Q(x, Y, z) I (f(t)l~[)“3 (1.3) 
where f(t) is given by 
4 1 
(1+t)2(1+5t) jar O1 t I? 
(l+t)~712r)(1+gt~ for 5 5 tl Y = 151;:P’67 
27 
(1+4t)(ll-t)(l+t) for y s t s l, 
27 61 
t(t + 9>2 for 1 I t I 35 -, 
1 61 
(l+r)2 
for -ct17 
35 
8 
(1+ for t 2 7. 
Equality occurs if and only if 
t=O; Q-pQ, =p(x’+yz); (XO,YO, ZO) =:(O, 0,O) (mod 1) 
or Q - pQ2 = p(x2+y2+2z2); (XO,YO,ZO) = (l/2, l/2,1/2) (mod 1) 
t = l/7; Q N pQ3 = p(x2+y2-3~~); (XO,YO, ZO) = (l/2,1/2,1/2) (mod 1) 
t=3/5; Q-pQ, =p(x2+4yz); (XO,YO, ZO) = (l/2,1/2,1/2) (mod 1) 
t= 1; Q-PQ~ =~(~~+lOy~+xz-.z~); (xo,yo,zo>~(0,1/2,0)(mod1) 
t = 9/7; Q - pQs = ,o(x2+9y2-3z2); (XO,YO, ZO) = (l/2,1/2,1/2) (mod 1) 
t=3; Q-pQ, =p(x2+yz); (xo,~o,zo) = (l/2,1/2,1/2) (mod 1) 
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or Q N pQs = p(2x2+y2-z’); (x~,Y~, zo> = W&W WI (mod 1) 
t = 7; Q - pQs = p(x2+y2-z’); (x~,Y~,z~) = UP, U&W) (mod 1) 
or Q-PQIO = p(x2+2yz); (x0, yo, zo) = U/2,0,0) (mod 1) 
t= co; Q-pQ,, =p(x2+xy+y2-2yz); (x~,~~,z~)E(O,~, 1/2)(modl) 
where p > 0. 
By simple congruence considerations it is easy to verify that equality is 
needed for the forms Qi at the appropriate points. 
2. SOME BASIC LEMMAS 
LEMMA 2.1. Let Q(x, y, z) be an indefinite ternary quadratic form of 
determinant D < 0. Then there exist integers u, v, w such that 
0 < Q(u, v, w) I (9/41D1)“3 (2.1) 
except when Q(x, y, z) N p(x2 + yz), p > 0. 
This is Theorem 1 of Oppenheim [12]. 
LEMMA 2.2. Let 4(y, z) be an indefinite binary quadratic form with 
discriminant A2 > 0 and let A > 0 be a real number. Then given any real 
numbers y,, zo, there exist (y, z) = (yo, zo) (mod 1) such that 
- ; 5 4(Y, 4 < y 
(2.2) 
with equality if and only if A2 = m/(m+ 2), m = 1,2, 3,. . . 
401,~) - &,O, 4 = c[m(m +2)y2 --z21 ; and (yo, zo) = (m/2, l/2) 
(mod 1); c > 0. 
This is Lemma 3 of Davenport [q and Theorem 1 of Blaney [4], 
LEMMA 2.3. Let &y, z) be an inde$nite binary quadratic form with 
discriminant A2 > 0. Let 0 I p I l/3 be a real number. Then for any 
real numbers y,, z. we canBnd (y, z) z (yo, zo) (mod 1) such that 
- [(l +p)g9p)p2 s cb(yyz) < c-1 +p)(f+9p),“’ (2.3) 
Equality occurs if and only if ,u = 1/(4n - l), n = 1,2,. . . and 
4 - c$, = c(ny2-(n+2)z2); (yo, zo) 3 (l/2, l/2) (mod 1); or 
p=Oand+wc#= cyz; (yo, zo) = (0,O) (mod 1) or 
4 - c#’ = c(y2-z’); (yo, zo) = (l/2, l/2) (mod 1); where c > 0. 
This is Theorem 2 of Blaney [4]. 
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LEMMA 2.4. Let 0 I v < 1 be a given real number; +(y, z) an indefinite 
binary quadratic form of discriminant A2 > 0. Then for any real numbers 
yO, z0 there exist (y, z) G (yO, zO) (mod 1) satisfying 
2 
I(l-v)3~l:3v)~ s cp(ysz) < [(l-v)3(:+3v),“’ (2.4) 
This is Theorem 3 of Blaney [4]. 
LEMMA 2.5. Let u, p, d be real numbers with d 2 1. Then given any real 
number x0 there exists x E x,, (mod 1) such that 
0 < (x+u)~-/!~~ I d (2.5) 
provided 
if d is an integer 
if d is not an integer. 
(2.6) 
Strict inequality in (2.6) implies strict inequality in (2.5). 
This is Lemma 6 of author [IO]. 
LEMMA 2.6. Let a, 8, d be real numbers with /I?’ > l/4 and d 2 1. 
Then for any real number x,, we can find x G x0 (mod 1) satisfying 
0 < -(x+d)‘+/12 I d (2.7) 
provided that 
if d is an integer 
+d if d is not an integer. 
(2.8) 
Strict inequality in (2.8) implies strict inequality in (2.7). 
This is Lemma 2 of author [S]. 
Let 
3. PROOF OF THE THEOREM 
m = inf Q(u, v, w) 
u, v, w integers. 
Q<u, v, 4 > 0 
(3.1) 
Then by Lemma 1, 0 5 m c (9/41DI)“3 except when Q - m(x2 + yz). 
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LEMMA 3.1. If m = 0 and ,u is any real number, then for any given real 
numbers x0, yO, z. there exist (x, y, z) 3 (x0, yo, zo) (mod 1) such that 
1 Q(x, y, z) - pi is arbitrarily small. 
ProoJ The result is in fact true for all indefinite quadratic form in three 
or more variables. For a proof see B. J. Birch [3]. 
Thus our theorem is true when m = 0. 
LEMMA 3.2. If Q N m(x’+yz), then the theorem is true. 
Proof. Without loss of generality we can suppose Q(x, y, z) = x2 + yz. 
Let 
(3.2) 
It can be easily verified that 
(i) (1 + t)d > 1 if t > 3. 
(ii) Since f(t) is decreasing we havef(t) 2 f(3) = l/16 for 0 _< t I 3, 
i.e. d 2 l/4 with equality only if t = 3. 
(iii) (1 + t)d > l/2 for 0 5 t I 3. 
If (I+ t)d > 1, choose x - x0 (mod 1) arbitrarily y = y. (mod 1) 
with 0 < y I 1 and then choose z = z. (mod 1) to satisfy 
0 < x2+yz+td I y I 1 < (l+t)d 
or 
-td < x2+yz < d. 
If (1 + t)d I 1, then 0 I t I 3. If (yo, zo) f (0,O) (mod l), without 
loss of generality suppose y. f 0 (mod 1). Choose y = y. (mod 1) such 
that 0 < ]y] I l/2. Choose x E x0 (mod 1) arbitrarily and then choose 
z = z. (mod 1) to satisfy 
O<x2+yz+td<IyI11/2<(1+t)d 
so that (1.3) is satisfied. 
Let now (yo, zo) E (0,O) (mod 1). If 0 < t I 3, take y = z = 0 and 
x = x0 (mod 1) with 1x1 I l/2, so that 
-td<O<x’+yz=x’< 1/4<d, 
with equality only if t = 3 and x0 E l/2 (mod 1). 
If t = 0, take y = z = 0 and x zz x0 (mod 1) with 0 c x I 1, so that 
0 < x2 +yz = x2 I 1 = d with equality only if x0 = 0 (mod 1). This 
completes the proof of the theorem if Q N m(x’+ yz). 
We may now suppose m > 0 and Q(x, y, z) * p(x2 + yz). Given 
0 c &o < l/16, there exist integers U, U, w such that 
Q(u, v, w) = EC, 0 I E < e. < l/16. 
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By Lemma 2.1 we can further suppose that 
Q<u, u, w) = Fe I (9/41D1)“3 (3.3) 
Also by definition of m since .sO < l/16 we must have (u, v, w)= 1 . By 
applying a suitable unimodular substitution we can suppose Q(1, 0,O) = 
m/(1 -8). Then we can write Q(x, y, z) as 
Q(GY>z) = 3t Cb+hy+a92+4(yA 
where ~$(y, z) is an indefinite binary quadratic form with discriminant 
*2=a3>; 
m 
(3 l--E 
Also there is no loss of generality in supposing 
Ihl 5 l/2, 191 < l/2. 
By definition of m we have 
(x+hy+gz)‘+$(y,z) 2 1-s or IO 
for all integers x, y, z. Because of homogeneity it suffices to prove: 
THEOREM A. Let E > 0 be suficiently small. Let Q(x, y, z) = (x+ hy +gz)’ 
+ 4(y, z) where 4(y, z) is an indefinite binary quadratic form of discriminant 
A* = 4101 2 16/9 (3.4) 
and 
Ihj I l/L IsI I l/2; (3.5) 
such that for integers x, y, z we have either 
Q(x,y,z) 2 1--E or 10 (3.6) 
Let 
d = (fO)l~l)“3 (3.7) 
Then given any real numbers x0, yO, z0 we can find 
k Y, z) = (x0, yov zo> (mod 1) 
such that 
- td < Q(x, y, z) I d 
Equality occurs if and only if Q N Qi stated in the theorem. 
(3.8) 
Remarks. It can be easily verified that 4d- 1 > 0 for t I 3. We shall 
use this fact repeatedly. 
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4. PROOF OF THEOREM A 
LEMMA 4.1. If Q(x, y, z) satisfies the conditions of Theorem A then for 
integers y, z we have either 
&Y,z) =O or ~(Y,z)~S--E or 4(y,z)I-$ (4.1) 
Proof. From (3.6) it follows easily that qS(y, z) cannot lie in the intervals 
(0,$-s) and (-it, -E). If --E I #yz) < 0 choose smallest integer n 
such that 
Then 
4(ny, nz) = n’d(y, z) < --E. 
so that 
n > 1, n’4(y, z) < --E 5 (n - l)‘+(y, z), 
--E > 4(ny, nz> =nV(y, z> > ( > 2 2G4 > -4, 
since E < l/16 and n2/(n- 1)2 < 4 for all n. But this is impossible for 
integers ny, nz. Hence the lemma must be true. 
LEMMA B. Let Q(x, y, z) satisfy the conditions of Theorem A. Suppose 
we can find (y, z) z (y,,, zO) (mod 1) such that 
--VzI4(Y,Z)<V, (4.2) 
where 
v1 = d-i (4.3) 
ij (1 + t)d is not an integer 
if (1 i- t)d is an integer. 
(4.4) 
Then we can jnd x = x,, (mod 1) such that 
- td < Q(x, y, z) I d 
Further strict inequality in (4.2) impkes strict inequality in (4.5). 
(4.5) 
Proof. Let CI = hy+gz, so that Q(x, y, z) = (~+a) + #(y, z). If 
(I+ t)d < 1, choose x z x0 (mod 1) with Ix+al I $, so that 
-td<v,<Q(x,y,z)<f+v, =d. 
Let now (1 + t)d 2 1. If - td < 4(y, z) < vi proceed as above. 
Therefore suppose 
so that 
Q(x, y, z) + td = (x fa)2 -/Y’ 
Then the lemma follows from Lemma 2.5 with d replaced by (1 + t)d. 
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Thus in order to prove Theorem A, it suffices to satisfy the condition 
(4.2) of Lemma B; and to show that equality can occur only for the 
forms equivalent to Qi. In all cases we shall not give details of the second 
part which is easy to verify. 
LEMMA 4.2. Zf (1 + t)d I 1, then 5/19 < t < 8/7 and in rhat case we 
have 
Then (y, z) = (y,,, z,,) (mod 1) can be chosen to satisfy (4.2) with strict 
inequality. 
Proof. Using the fact that d=f(t)lol)“3 2 (4/9f(t))“3 and the various 
values off(t) it is easy to verify that (1 +t)d > 1 if t I l/7 and t > 61/35. 
If 1 I t I 61/35 then (1 +t)d > 1 if 27(1 +t)31Dl/f(t+9)2 > 1. Since 
IDI 2 4/9, this is so if 
g(t) = llt3+18t2-45t+12 > 0. 
Since g(0) > 0, g(1) < 0, g(8/7) > 0, by Descarte’s rule of signs 
g(t) > 0 for t 2 S/7. Thus (1 + t)d I 1 implies 1 I t I 8/7. In that case 
(4.6) holds if 
j(d) = d2 -4fj(t)d+ tj(?) < 0 (4.7) 
for k = (4/9f(t)‘j3 5 d I l/(1 + t). A slight computation shows that 
f(0) > O,f(k) < O,f(l/(l +t)) c O,f(co) > 0 for 1 I t I 8/7. 
Consequently (4.7) holds. This proves (4.6) for t 2 1. If l/7 5 t -< y, then 
32u+t)2 
(1+t)3d3 = (7-t)(l+9t) 
IDI 2 g(:‘_“yl, > 1 
if 
209t2-302t+65 = (19t-5)(11t-13) > 0 or t < 5/19. 
Thus if (1 + t)d I 1 then t 2 5/19. In this case (4.6) holds if 
It can be easily verified that g(d) is increasing for t < y, so that for 
(1 +t)d I I, we have 
1 ( > 1 32t gig l+t =(l+t)(3-t)<tf(r)=(l+t)(7-1)(1+9r) 
if h(t) = 23t2- 34t -7 < 0, which can be easily verified to be true for 
5119 < t < y by the rule of signs. 
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If y I t I 1, then (4.6) holds for (1 + t)d 5 1 if 
g(d) = d2-44ff(t)d+tf(t) < 0 
for k = (4/9f(t))li3 < d I l/(1 + t). 
It can be easily verified by a simple computation that 
< 0, g(m) > 0, 
(4.8) 
so that by the rule of signs (4.8) holds. 
Thus we have shown that if (1 + t)d I 1, then 5/19 I t 5 8/7 and then 
(4.6) holds. By Lemma 2.2 with I = (4d- 1)/A > 0 (it can be easily 
verified that d > l/4 in 5/19 I t I 8/7) we can find (JJ,Z) z y,,,z,) 
(mod 1) such that 
d3 
-td+f(t)(4d-1)=-41- 
A < c/Q, z) < $ = d-f. 
Thus (4.2) is satisfied and the result follows from Lemma B. 
Thus we can now suppose (1 + t)d > 1. 
LEMMA 4.3. If 0 s t s 1 and 2 < (l+ t)d then the result holds with 
27 
f(t) = (1 + t)(4t + l)(ll - t)’ 
Proof. It may be easily seen that A = (4d- 1)/A > 0 and by Lemma (2.2) 
we can find (y, z) E (JJ~, ze) (mod 1) so that 
d3 
-ftt)t4d-1) 5 +(Y, 4 < d-4. 
The result will follow from Lemma B if we have 
d3 
f(Wd - 1) < 
+td if(l+t)dk3 (4.10) 
if 2 -C (l+ t)d < 3 
Case (i). (I + t)d 2 3. 
One can easily see that (4.9) holds if 
g(d) =((3-t)d-1)2 <(I+# ’ -- 
4d3 f(t) 
Simple calculations on g’(d) show that g(d) is decreasing for (1 + t)d 2 3 
if05 tl l.Thus 
= $(2-t)2(1+t) = (l+t)z-f& 
and the result holds in this case. 
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Case (ii). 2 < (1 + t)d < 3. 
In this case (4.10) holds if 
g(d) = (l+ @(4d- 1) 1 
d3 ‘.@I 
Itiseasytoshowthatg’(d)<Ofor2<(1+t)d<3andO<t<l. 
Thus 
(l+t)(4t+1)(11-t) 1 
27 =-’ f(t) 
This completes the proof of the lemma. 
LEMMA 4.4. If 0 I t I l/7 then the theorem is true. 
Proof. For 0 I t I l/7, 
4 27 
f(t) = (l+t)2(1+5t)’ (l+t)(1+4t)(11-f)’ 
hence for (1 + t)d > 2 the lemma follows from Lemma 4.3. 
Let now 1 < (l+t)d 5 2. Let 
9.64d3 
> 
112 
f(Wd - 1)’ 
9 
so that 
{(l+p)(f+9p)y’ = d-i* 
It can be easily shown that 0 I p I l/3 for 0 I t < l/7. Therefore 
by Lemma 2.3 there exist (JJ, z) = (yO, z,J (mod 1) such that 
--Ad-%> I 4(~, 4 < d--h 
The result will follow from Lemma B if we have 
,u(d-*) 5 i+td 
and the equality corresponds to the listed critical forms. 
It is easy to see that (4.11) holds if 
(4.11) 
g(d) = 4d2 
2+(1+9t)d > 1 
-fo(l- 
Clearly for 1 < (I+ t)d I 2 we have 
and the lemma follows, since it is not difficult to show that equality occurs 
only for the forms listed in the theorem. 
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LEMMA 4.5. Theorem is true for l/7 I t I 1. 
Proof. As before for (1 + t)d > 2 the result follows from Lemma 4.3 
sinceAt)> 27/(1+t)(1+4t)(ll-t)in l/7 I t < 1. Let now 1 <(l+t)d 
I 2. By applying Lemma 2.2 with 1 = (4d- 1)/A > 0, we can find 
(y, z) - (y,,, zO) (mod 1) such that 
d3 
-f(t)(4d- 1) 5 4(Y9 4 < d--f* 
The result will follow from Lemma B if we have 
gtd) = (1 +WW- 1) 1 
4d3 ‘ro,’ 
(4.12) 
Since g(d) is decreasing for 1 -C (1 + t)d I 2 (4.12) is satisfied because 
(1+9t)(7-t)(l+t) 1 
32 ‘fo, 
as can be easily verified. One can easily show that equality occurs only in 
the cases listed in the theorem. This proves Lemma 4.5. 
LEMMA 4.6. Theorem is true for 1 I t I 61135. 
Proof. By applying Lemma 2.2 with I = (4d- 1)/A > 0, we can find 
(y, z) = (ye, z,,) (mod 1) such that 
d3 
The result will follow from Lemma B if we have 
with equality only for critical forms. 
For (1 + t)d > 2, (4.13) is satisfied if 
g(d) =((3-r)d-1)z < (l++ 1 
4d3 f(t)’ 
It is easy to verify that for (1 + t)d > 2 
g(d)sm-(g(&),g(&)}=g(&) for lsts$ 
and the result follows in this case. 
= Pg = (1 - t)* -+) 
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For 1 < (1 + t)d I 2, (4.13) is satisfied if 
or 
L < (1+4td)(4d- 1) 
f(f) - 4d3 
g(d) =Qd3-16td2+4(t-l)d+l I 0 
f(t) 
which is easily seen to be true for 1 < t s 61/35. Thus the lemma is 
proved. 
LEMMA 4.7. Theorem is true for 61135 < t 5 7. 
Proof. 
Case (i): d > l/4. Let c = (1 + t)d. Let 
64d3 1 
112 
f(OW - 1) ’ 
so that 
(4.14) 
It can be easily verified that p I l/3 for t 2 513. By applying Lemma 2.3 
to - ~$(y, z) we can find 01, z) = (v,,, zO) (mod 1) such that 
1 
or 
-(d-%1 < - $4~9 4 I - (d-8 
P 
- ; (d-4) I +(y, z) c d-4. 
The required result then follows from Lemma B if we have 
+ td if (1 + t)d = c is an integer 
(4.15) 
if c is not an integer. 
For c > 3, (4.15) is satisfied if we have 
A slight simplification shows that this is so if 
(1+t)c2-2(13-3t)c+S(l+t) 2 0 for c > 3 
which is true if t 2 61135. 
338 DUMIR 
If 2 < c I 3, (4.15) is true if 
i(d-f)S l+td, or 
j-(c) = 64c3-16(t-9)c2-8(11-t)c+15(1 +t) I 0 
Since f( - co) < 0, f(0) > 0, f(2) < 0, f(3) = 3( - 35t+ 61) < 0, f(co) > 0, 
by the rule of signs we havef(c) < 0 for 2 < c 5 3. 
If 1 < c I 2, then the result holds if 
i (d-4) < $+td, 
or 
(c - 2)(4c - (1 + t)) 5 0, 
whichissosincec_<2andc=(l+t)d>(l+t)/4ford>1/4.Itisnot 
difficult to show that equality can occur only for the critical forms. This 
completes the proof of the lemma in this case. 
Case (ii). d I l/4, (1 +t)d > 1. 
Then t > 3 and (l+t)d 5 2 since t I 7. 
Let 0 5 v < 1 be the root of 
2 
Then by Lemma 2.5 we can find (y, z) = (yO, zO) (mod 1) such that 
2 
{(l-v)3;l:3v))1~’ <- ddy2 z)s ((h93(;+34y 
or 
- f (4-d) 5 c#~(y, z) < d-4. 
To prove the result it suffices to show that 
$(t-d)<$+td, since 1 <(l+t)d<2 
or 
l-4d 2 
v221f4fd=v o, say. 
Since 
g(v) = (1 - vj3(1 +3v) = 64d3(1 + t)’ 
V4 (1-4d)’ 
and g(v) is decreasing in 0 I v < 1, it suffices to show that 
(4.16) 
s(d 2 
64d3(1 + t)2 
(1 -4dj2 
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(1-v,)3(1+3vJ > 64d3(1+# = 
V;: (1-4d)’ 
or (3t-l)v, > 3-t. 
This is clearly true since t > 3 and v,, 2 0. It is easy to show that 
equality can occur only for the special forms Qi. 
5. PROOF OF THEOREM A CONTINUED: t > 7,f(t) = 8/(1+t)3 
LEMMA 5.1. If d > l/4, then the theorem is true. 
Proof. Let c = (1 + t)d. Let 
be the positive root of 
8c3 
> 
112 
(4dF (5.1) 
16A2 8c3 
(n+l>u+g) = &j--q = (4d- 
Then it can be easily verified that I 2 3 for t > 7. 
By applying Lemma 3.3 with p = I/J to -~(JJ, z) we can find 
(y, z) E (ye, zO) (mod 1) such that 
so that 
-A(d-4) 5 &y, z) cd-$. 
The result will follow from Lemma B if we have 
;Z(d+) < ((‘+yd-‘r+td. 
A slight simplification shows that this is satisfied if 
4(7 - t) 4(15-t) 
g(c)=c3+l+tc2+- c-16 > 0. 
l+t 
It can be easily verified that g(c) is increasing, so that 
(l+O F(t-7)2 > 0 for t > 7. 
(5.2) 
Hence (5.2) is satisfied and the Lemma is proved. 
We can now suppose d < l/4. 
It will be convenient to write &, z) as -rj~,(y, z) since the rest of the 
proof is quite similar to the method of proof in [8]. 
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It suffices to prove that we can find (y, z) E (y,, zO) (mod 1) such that 
5-d < MY, d 
1 
c-l 2 
s- 
( > 
+ td 
< 6 2+td 
if c is an integer 
( > 
(5.3) 
2 
if c is not an integer 
and that the equality occurs only in the special cases. 
By Markoff Chain theorem (see e.g. [5], chapter 2) we can find integers 
U, u such that 
la = &(u, u)l I A/$, (u, V) = 1. (5.4) 
Further if ]a] > A/3, then &(JJ, z) is a Markoff form and so represents 
both a and -II. In that case we shall assume a > 0. By Lemma 4.1 we 
have the following three possibilities: 
(i) 0 < a < A/J5 
(ii) -1/3A I a I --Q+E 
(iii) a = 0. 
If 0 < a I A/J5, by replacing 4i by an equivalent form we can suppose 
A2 2 
4l(Y, 4 = 4Y+fzY- G 0 z - 
Note: c = (1 + t)d 2 (32/9)“3 and A2 = c3/2. 
Choose z = z0 (mod 1) such that ]z] I l/2. The result for case 
0 < a 5 A/J5 follows from 
LEMMA 5.2. We can choose y = y,, (mod 1) so that (5.3) holds with strict 
inequality if 
-t+2d 
[ 
c3 + (1-4d)(c+1)2-4d Ii2 -- 
8 4 1 (5.5) 
or (ii) y1 < a < A/J5 and c > 2. (5.6) 
l-4d 
or (iii) 0 < a < y2 = c -I- - 2 
- 
l/2 
(5.7) 
and (32/9)‘13 I c 5 2 
or (iv) y2 I a I A/J5 and (32/9)‘j3 I c I 2. (5.8) 
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Proof of 5.2 (i). If (5.5) holds, choose y s y. (mod 1) to satisfy 
(- l-4d + A2 2 ~2 l/2 4a 4aZZ +l (5.9) 
so that 
+-d < $~(y, z) < ;t-d+a+ 
c3 112 
a(l-4d) + s 
> 
. (5.10) 
Thus the result holds if we have 
a-d+a+ a(l-4d) + s c3]1’2< r+r+td. 
A slight computation shows that this is so if (5.5) is true. 
Hence the lemma is proved in this case. 
Proof of 5.2 (ii). In this case we have 
1-4d+~Z2s1-4d A2 
4a 4a2 
- - 
4a ’ 16a2 
l-4d c3 - - 
< 4Y1 + 2(4+ 
= 
(f +(I-4d)(c+l)‘- $))1’2-(1-4d) 
4Y1 1 2<l . 
A slight computation shows that this is so if 
g(c) = 2c3 -2f-$+2c+&l2>0. 
This is easily seen to be true for c 2 2. Thus we have 
If 
l-4d A2 
- + 4T z2 < 1. 
4a 
l-4d A2 
-+4~z2<fl 4a 
choose 
and if 
y = y. (mod 1) with $ I [(y +fz)l I 1 
1-a ( A2 z2<1 
*I 7 4a2 9 
choose 
23 
y = Y, (mod 1) with 1 s (y+fz(~~ 3/2, 
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so that in either case we will have 
if 8A/,/5 < c(c+2) or c2-‘+c+4 = (c-+)~+$$ > 0, which is so. 
Hence by Lemma B the result follows. 
Proof of 5.2 (iii). In this case (32/9)‘13 5 c I 2. Choose y E ye (mod 1) 
as in proof of 5.2 (i) so that (5.10) holds. Since [c] = 1, (4.2) holds if we 
have 
a-d+a+ 
[ 
c3 112 
a(l-4d) + 8 1 < $+td. 
.A slight computation shows that this is true if (5.7) holds. Hence the 
result holds in this case. 
Proof of 5.2 (iv). For y2 I a < A/J5, (32/9)“3 I c I 2, it can again 
be easily verified that 
1-4d A2 A2 
4a 
+4a2z2<L+-<1 
47, 1Qf 
and the result follows as in 5.2 (ii). 
This completes the proof of Lemma 5.2. 
LEMMA 5.3. If a = -b, S-E I b I +A, then (5.3) can be satis$ed with 
strict inequality. 
Proof. Without loss of generality we can suppose 
&(y, 4 = - b(y +fz>2 + g z2. 
Also c3 = 2A2 2 18b2 2 2(9/4-3s)2 > 10 if E is taken sufficiently 
small. We shall consider two subcases: 
(i) S-E I b I A/3, c3 > 288125 
(ii) S-E I b I A/3, 10 < c3 I 288125. 
Proof in case (i). In this case it is easy to verify that 
b < 2 < (A2+1)“2-1 
-3 2 - 
(5.11) 
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Choose z = z,, (mod 1) with l/2 I ]z] s 1, so that 
by using (5.11). 
If 
A2 l-4d 
%QZ’-qbI1, 
choose y z y0 (mod 1) with ]y+fi] I l/2 so that 
2 
;t-d < c$,(y, z) I b+i-d -< (A/3)+$--d< 
( > 
‘+ +td 
if A/3 < c(c+2)/4; 
or c2 + yc + 4 > 0, which is clearly so. Hence the result holds in this case. 
If 
A2 1-4d>I -- 
4bZz2 4b ’ 
choose y = y. (mod 1) with 
( 
A2 l-4d I” 
zz2 4b > ( 
A2 -- -l<y+fz< GZ2 
l-4d 1’2 -~ 
> 
4b , 
so that 
3-d < $~(y, z) s (A2.z2-(1-4d)b)1’2-b+&-d 
< (A2-(+-e)(1-4d))1’2-~+s++d 
< A-+-d+e. 
Thus the required inequality is satisfied if we have 
A---)-d< ‘$ ‘+td 
( > 
orf(c) = ~~(c-2)~+6~~+12~+9 > 0, which is true for all c. Hence the 
result follows from Lemma B. 
. 
Proof in case (ii). 10 < c3 I 288/25, [c] = 2. 
Choose z 3 z. (mod 1) with 1 I lz] I 3/2, so that 
A2 l-4d A2 1 
sz2-Qb>-* - Tb ’ a, 
sinceb I A/3,A> 1. 
If 
A2 l-4d 
a<@z2- 4b ~ s 1, 
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the result follows as above. Let now 
A2 l-4d 
4bzz2- 4b 
-> 1. 
Since 2 < c < 3, we have the desired result if we can find y = y, (mod 1) 
such that 
A2 
+d<-b(y+fz)2+qbz2 < l+td 
or 
o<-(y+fz)2+ 3+4c <F (5.12) 
It is easy to verify that in this case we have (3 + 4c)/4b > 3, so that by 
Lemma 2.6 (5.12) can be satisfied if we have 
A2 l-4d 3 2 
0 
3+4c 
4b2z2-Qb-< 5 +4b. 
Since lzl I 3/2, this will be so if we have 
9A2 9 3-k4c 
16b2-=i+ 4b 
or 
(5.13) 
Since b > t-e, we have 
9b2+(3+4c)b$+$+3c+O(E)>y 
can be easily verified for 10 < c3 I 288/25 and sufficiently small E. Thus 
(5.13) is satisfied and the lemma is proved. 
LEM~ 5.4. If a = 0, then again the theorem is true. 
Proof. By a suitable substitution we can suppose that 
MY, 4 = lY(Z - eYh A> 0. (5.14) 
Then to prove the result we have to find (y, z) E (uo, zo) (mod 1) such 
that 
- (d-4) < &,z) < (q)2+td 
or 
c(c + 2) 
0 < IZy(z-8y)+d-4 I 4. (5.15) 
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Choose y 3 y, (mod 1) such that 0 < y 5 1. Now choose z E z, (mod 1) 
such that 
0 < Ay(z-By)+d-i) 2 ly 5 A 
and (5.15) follows if 
41 I c(c+2) 
or 
8c3 I c2(c + 2)2 
or 
(c-2)2 2 0, 
which is true for all c. By considering the cases of equality more closely 
it is easy to verify that equality occurs only for the special forms stated in 
the theorem. This completes the proof of Theorem A. 
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